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ABSTRACT

Characteristic velocity requirements are described

for two types of orbital maneuver:

phasing maneuvers in a

geosynchronous, circular orbit by means of elliptic phasing

orbits, and non-coplanar transfer between a 250 nautical mile

circular orbit and other circular orbits.

The plots are

intended as aids when analyzing or planning near-earth missions,

such as for satellite repair and maintenance, or for logistics

and resupply flights.
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I. PHASING IN A CIRCULAR ORBIT

Suppose a space station to be in a circular earth
orbit. Suppose also that there is a satellite (or any target
location) in the same orbit, but an angular distance ¢ (0<¢°<360)
ahead of the station, as shown in Figure 1, If transfer time
is not critical (such as for a scheduled resupply or maintenance
mission) a shuttle vehicle leaving the space station can put
itself into an elliptic phasing orbit by applying a tangential
impulse. The period of the ellipse is chosen so that, after
one revolution of the phasing orbit, the target is at the point
of tangency of the two orbits. A tangential impulse, equal
to the original impulse but in the opposite direction, completes
the maneuver.

Depending on whether the phasing ellipse is exterior
(Figure la) or interior (Figure 1lb) to the circular orbit, the
transfer time will be longer or shorter than the period of the
circular orbit. The periods for the exterior and interior
ellipses are given by:

Pe = (2 - ¢$°/360) Pc (1)

P.
1

(L - ¢°/360) P, (2)

respectively, where ¢ is the phase angle per revolution of the
elliptical orbit and Pc is the period of the circular orbit. These
ES

relationships are plotted on Figure 2 for a geosynchronous orbit,
i.e., Pc = 24 hours. Hevertheless, because of the way in which

P, appears in formulas (1) and (2), the same plots can be applied
to any circular orbit, if the time scale is adjusted accordingly.
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The impulsive velocities corresponding to (1) and (2)
can be derived to be*

AVe 2Vc['\/2—(2—<1>°/360)_2/3 —1] (3)

and

2vc[ 1 -V 2-(1-4° /3607 2/3 ] (4)

AV,
1

where VC is the velocity of the circular orbit. These are

plotted on Figure 3 for a geosynchronous orbit, for which
Vc = 10,088 fps. Again, because of the way in which Vc enters

formulas. (3) and (4), the same plots can be used for phasing
in any circular orbit, provided the velocity scale is adjusted
as appropriate.

Once the outgoing leg of a phasing maneuver for ¢°
has been completed, the return trip is equivalent to a phasing
of 360° - ¢° because this is the angle by which the space
station now "leads" the target point. This is reflected in
Figure 4 where total characteristic velocities are shown for
complete maneuvers: catching up to the target, and then re-
turning to the space station. These velocities are minimum
in the sense that the complete maneuvers are combinations of
interior and exterior ellipses, whichever requires less velocity.

Finally, the choice for an interior phasing ellipse
is limited by the resulting perigee height (see Figure 1lb),
in the following sense: the larger the phase angle is, the
more eccentric the ellipse has to be and the lower the perigee
height becomes. Figure 5 shows this relationship.

A comparison of Figures 2 and 3 shows that a tradeoff
can be made between characteristic velocity and flight time.
As an example, consider a satellite which leads the station by
90°. The phasing maneuver can be accomplished by a single re-
volution on an ellipse. This would require 2,260 fps on an
interior ellipse and it would last 18 hours. Alternatively,

*The premultiplier 2 appears in these formulas because each
phasing maneuver consists of two impulses of equal magnitude.
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the phasing could be accomplished with three revolutions of

an ellipse which phases 30° per revolution. This would require
only 612 fps but it would last 66 hours. Similar tradeoffs could
¢lso be made for the return trip.

If. ELLIPTIC TRANSFER BETWEEN CIRCULAR ORBITS

Transfer between two coplanar circular orbits is
accomplished most economically via an elliptical orbit whose
periapse and apoapse are tangent to the lower and higher
circular orbits, respectively. This is the well-known Hohmann
transfer and the maneuver requires two impulses.

If the two circular orbits are inclined to each other,
and the apsidal line coincides with the line of intersection of
the planes of the two orbits, then the impulse at apoapsis should
be out-of-plane so as to accomplish the required plane change
simultaneously with circularization. Figure 6 illustrates the
case of transferring from one circular orbit to another, non-
coplanar, higher circular orbit. The total characteristic
velocity for the transfer maneuver is

AV = vp v, +'\/V2 + vy 2v2va cos o (5)

where Vl and V2 are the circular velocities of the lower and
higher orbits, respectively; Vp and Va are, respectively, perigee

and apogee velocities of the transfer ellipse; and o is the
mutual inclination of the two orbital planes.

Contours of constant AV, corresponding to formula (5),
are shown in Figure 7 for transfer between a 250 nautical mile
circular orbit and other circular orbits. As a special case,
the characteristic velocities required for coplanar (Hohmann)
transfer to and from a 250 nautical mile circular orbit are
plotted in Figure 8. The characteristic velocities required for 1
pure plane changes in circular orbits of given altitude are shown ‘
in Figure 9.

CAVEAT: Figure 7 shows characteristic velocities
only for transfer to and from 250 nautical mile

circular orbits. For transfer to and from other
orbits, refer to the Appendix.
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ITIT. SOME OBSERVATIONS

Figure 4 shows that no phasing maneuver in geosynch-
ronous orbit requires more than about 4500 fps to complete, if
transfer time is not critical. Also, use of Figure 2 in con-
junction with Figure 3 indicates that the total flight time
(catching up and returning) is either 72 hours (for 105°<¢$<255°)
or 48 hours (for 0° < ¢ < 105° or 255° < ¢ < 360°). Of course,
if transfer time becomes critical, such as for a rescue or emer-
gency repair mission, the trajectory selected for at least the
catching up maneuver could be anything from a segment of a
highly eccentric ellipse to a hyperbolic arc.

In the case of elliptic transfer between two circular
orbits, the contours plotted on Figure 7 show that the plane
change maneuver is the dominant velocity requirement for most

cases (provided, of course, that the plane change is accomplished

at the apogee of the transfer ellipse, as shown in Figure 6).
For example, for plane changes of around 20° or more, there is
generally very little variation in the total velocity require-
ment as altitude increases. For small plane changes (a degree
or two), however, changing altitude becomes the dominant factor.

WP (Borm Ao
1013-HBB-ulg H. B. Bosch
Attachments

Appendix
Figures 1-9
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APPENDIX

The fundamental formula for the total characteristic
velocity (AV) required to accomplish noncoplanar transfer
between two circular orbits (see Figure 6) is

_ _ 2 2 _ '
AV = Vp Vl ¥\/§2 + Va 2V2Va cos a (5)

where Vl and V2 are the velocities of the lower and higher

orbits, respectively. Eguivalent formulations can be written
in terms of rl and rz--the radii of the lower and higher orbits,

respectively--as follows:

2r WJ/ 2y 2r
AV / 1 1
—_— 1 + - 2 cos o
Vl +r rl+r2 rl+r2

or

depending on whether Vl or V2 is taken as the reference

velocity.

For a pure plane change (rl r2) both formulas

reduce to

- 2 sin (A. 3)

Nl e




LIGHO HVYINJHID NI ONISVHd 40 SIAOW OML -1 3HNOI

3Sdi113 HOIHILNI VIA (8

1394vl

/ ;
NOILVY1S

3Sd1773 HOIYILXI VIA (V

NOLLVLS \




11940 HVYINOHIO SNONOHHINASO3ID NI
SHIANINVIN ONISYHd ISTNAWI-OML HO4 JNIL HIJISNVHL -Z IHNOIL

{S334934) NOILNTOAIY H3d ITONV ISVYHd
0€e 00t 0Lc ove 1] %4 o8l 05t ozL 06 09 (14

I I I ! T )

HLHVY3 H1IM S3017700 M

3Sd1113 ONISVHJ

3Sd1713 HOIYILNI VIA /

T~

T~

3S41T773 HOIHIALX3 VIA /

4}

8L

ve

3Sd1773 ONISVHd 40 gOIH43d




S119H0 J11d1773 HOIH3LNI HO HOIH31X3 40 3SN A9
118940 HYTNIHID SNONOYHINASOIO NI SHIANINVIN DNISYHI ISTAJWI-OML -€ IHNOIS

($33493a) NOILNTOAIY H3d ITONV ISYHd

09¢ 0EE 00€ 0Le ove oic 08l 0SL (174 06 09 ot 0
I I I I i |

// .

T

3SdIT773 HOIH3LXI VIA -

\ 000’y

A

3SdI1773 HOIH3ILNI VIA -

H1YV3I HLIM S3AIT100
3Sd417713 ONISVHd

000’0t

(Sdd} ALIDOT3IA J1LSIHILIVHVHO




HIANINVIN NHNLIY DNIGNTONI ‘LIGHO SNONOYHINASOID NI
SHZANINVIN ONISYH HC4 3HIND3Y ALIDOT3A TVLOL WNWINIW -+ 34NDIS

{S334934) NOILNTOAIY H3d ITONV ISVHd

09¢

0tt

00t oLe

ove

oLe

11:78

0SL

oct

1>

I

000°2

000t

000°0L

{Sdd4) ALIDOT3A JiLSIHILIVHVHI
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FIGURE 5 - PERIGEE HEIGHT OF INTERIOR PHASING ELLIPSE FROM GEOSYNCHRONOUS CIRCULAR ORBIT




FIGURE 6- TWO-IMPULSE TRANSFER BETWEEN NONCOPLANAR CIRCULAR ORBITS
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FIGURE 7- VELOCITY REQUIREMENTS FOR NONCOPLANAR TRANSFER FROM A 250 NAUTICAL MILE
CIRCULAR EARTH ORBIT TO OTHER CIRCULAR ORBITS
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FIGURE 8- VELOCITY REQUIREMENTS FOR TRANSFER FROM A 250 NAUTICAL MILE
CIRCULAR EARTH ORBIT TO OTHER, COPLANAR, CIRCULAR ORBITS
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